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The particular features of the propagation of the seismic energy of elastic waves in anisotropic media with four constants of
elasticity, depending on the directions of motion of the waves and the ratios of the constants of elasticity for all practical media
of the anisotropy class considered, are investigated. A direct connection is established between the formation of acute-angled
edges on the fronts of quasi-transverse waves from point sources and the distinctive features of the propagation of the energy
of the waves under certain conditions for the constants of elasticity. © 2003 Elsevier Ltd. All rights reserved.

A study of the particular features of the propagation of the energy of plane elastic waves in anisotropic
media is of particular interest, since the vectors of the energy flux density, from the physical point of
view, determine the directions of propagation of the wave fronts, and almost all seismic fields can be
considered approximately as locally plane waves. Some problems of the propagation of seismic energy
in anisotropic media were considered previously in [1-5], but the dependence of the propagation of
the energy fluxes on the directions of motion of the waves and on the ratios of the constants of elasticity
of the media were not investigated.

1. PLANE WAVES IN ANISOTROPIC MEDIA

We will consider an anisotropic medium with four constants of elasticity. The x, y, z axes of a rectangular
system of coordinates coincide with the axes of elastic symmetry of the medium, and the oscillations
are independent of the z coordinate.

The equations of motion in terms of displacements have the form [6]

au,, +duy, +cV,, = U, cuy +dv,+bv,, = v (1.1)
The ratios of the constants of elasticity to the density of the medium
a=Cylp, b=Culp, d=Cgxlp, ¢ = (Ce+Cp)lp
satisfy the necessary and sufficient conditions for the form of the elastic energy to be positive-definite
a>d, b>d, d>0, K, =ab-(c-d)’*>0 (1.2)
The solutions of Egs (1.1), expressing plane waves, have the form [6]
u, = (r,—cOA )W (), V= —(pp—cOAIW,(Q,)
Py = a92+d?»,2(— 1, r,=do*+bA-1, pr, = 0292)‘.2 (1.3)
Q, =t-0x+Ny, k=12

where

_ _1vk a2 _ py12172 1”2
Ay = [A+(-1)(A"~B) 7] /(2bd) (1.4)

A= (b+d)- L8, B = dabd*(1/a-0°)(1/d-0%), L = ab+d*-c?
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The function A; and A, are branches of the algebraic function A, uniquely defined on the Riemann
surface. The functions w; and w, are arbitrary continuous twice-differentiable functions, if the coefficients
in them with variable values are real; if some of these coefficients in some region of space x, y, ¢ are
complex quantities, w; will be regarded as analytical functions in this region.

The inner radicals of functions (1.4) have branching points [7, 8]

o = i{[Mi(—4bdc2N1)V2]/(K1K2)}m
N, = (a-d)(b-d)-c’, K, =ab-(c-d)’, K, =ab-(c+d)’ (1.3)
M = bN,+dN;, Ny = (b-d)’-¢*

which may be complex, imaginary or real depending on the ratios of the constants of elasticity.
When the condition

N, = (a-d)b-c*>0 (1.6)

is satisfied [7, 8], the branching points for the outer radicals of (1.4) are the points 6; = +a7'? when
k = 1 and the points 8, = *+d-'/2 when k = 2. In this case the Riemann surface consists of planes
8, and 6, with cuts (~a™2, +a7?) and (-d?, +d™), joined crosswise along the cuts connecting the
branching points 6{. In Fig. 1 we show the Riemann surface for the case when the branching points 67
are pair wise complex conjugate.

On the edges of the cuts (-a~"2, +a7"?) of the 6, plane and (42, +d"?) of the 8, plane the functions
A, and A, have real values, and the functions (1.3) express real plane waves: quasi-longitudinal when
k = 1 and quasi-transverse when k = 2.

When N, < 0 the outer radical of the function A; has four branching points 6; = *4~'* and
8, = =d"2 but the outer radical of the function A, has no branching points. Of the four branching
points for the inner radical of the functions A; and A, we have the following: two real +0? and two
imaginary +69, where 8] > @2, The function A, is single valued in the 8, plane with cuts (~a™"2, +a ',
(xd "%, +6Y) and (£6Y, + ) along the real axis and with cuts (£69, +ico) along the imaginary axis.
The function A, is single valued in the 0, is single valued in the 8, plane with cuts (~9(1), +6%) and
(69, * o) along the real axis and with cuts (89, i-) along the imaginary axis. The Riemann surface
(Fig. 2) consists of the 8; and 6, planes, joined crosswise along the edges of the cuts (£69, + ) and
(289, ies). On the edges of the cuts (~a "2, +a %), (£d™'?, £6)) of the 0, plane and (-6}, +6}) of
the 6, plane the functions A, and A, have real values. The functions (1.3) express real plane waves [6]:
quasi-longitudinal when k = 1 on the edges of the cut (-a™"%, +a™'?) of the 6, plane, quasi-transverse
when k = 2 on the edges of the cut (—8Y, +69) of the 6, plane and when k = 1 on the edges of the cuts
(xd'?, £6)) of the 6, plane.

172



The propagation of the energy of elastic waves in anisotropic media 437

2
-ef d\2 - gin /a-m +d 4 @

0
—_= —,f— D =
/———_z—- YA
/ Y y7+63
4
/ - /—9‘2’ )
Fig. 2

2. THE ENERGY FLUXES AND THE RAY VELOCITY

The propagation of the elastic waves is related to the propagation of energy in the deformed medium.
The projections of the energy flux density vector onto the coordinate axes have the form [9]

S, = -luo,+v71,1, S, = -[ur,,+v,0)] 2.1
where u, and v, are the derivatives of the components of the displacements with respect to time.

The components of the stresses for the case considered can be expressed in terms of the derivatives
of the components of the displacements by the formulae

= plau, +(c-d)v,), o, = pl(c-d)u, +bv)), 1, = pdlu,+v,] (2.2)

From expressions (2.1) and (2.2) we have

S, = —p{ulau, + (c ~d)v,] + v,[d(u,+ v,)]}

2
S, = —p{u,ld(u, + v)] + vi(c - d)u, +bv ]} (23)
Substituting the values of the derivatives of the functions (1.3) into formulae (2.3), we obtain the
followmg expressions for the projections onto the coordinate axes of the energy flux density vectors of
the quasi-longitudinal and quasi-transverse waves

- 2
Sxk = pepkl(pk - Celk)sz[wllc(Qk)] 2 4)
_ 2 '
Sye = ~Phyy (P - cOAY M, [wy(R)]
where
Q¢ = 2ad®’ + LA} —(a+d), M, = 2bd\+ L0 - (b+d) (2.5)

The phase velocities of the waves (1.3), which determine the propagation of the wave fronts in the
directions of the normals, are expressed by the formulae [7, 10]

= 0%+ (2.6)

The ray velocities of the waves (1.3), which define the propagation of the wave fronts in the directions
of the energy flux density vectors, are related to the phase velocities by the relations [3]

by = (n,-cp) (2.7)

where ¢ are the ray velocity vectors. By relations (2.6) and (2.7) the ray velocities are defined by the
formulae

122 -1
¢, = [(0°+AD) cosg,] (2.8)
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where @, are the angles formed by the vectors of the ray velocities with the vectors of the phase
velocities.
For any directions of propagation of the waves (1.3), the ray and phase velocities satisfy the conditions
Cp = bk'
We will denote the angles formed by the vectors of the phase velocities, the ray velocities and the
displacements of the particles of the medium with the negative semi-axis y by oy, By, Y, which, by relations
(1.3) and (2.4), are given by the formulae

tgoy, = 97‘;" gy = 9Qk(}\rkMk)~l, gy, = (rk—-celk)(pk—celk)_l (2.9)

The angles ¢, formed by the vectors of the ray velocities with the vectors of the phase velocities,
taking into account that ¢, = B - oy, are given by the formulae

g0y = OA, (0~ M)(0°Q, + AIM,) (2.10)

(the angles are measured from the normals to the wave fronts in an anticlockwise direction).
The features of the propagation of the energy of the elastic waves are determined by the quantities
Ny, N,, K, and M, and also by the quantities

Ny = (b-d)a-c’, Ny=a-d-c, Ns=b-d-c, Ng=(a-d)’-c, o
N, = (b-d)*-¢° '

3. ANALYSIS OF THE SOLUTIONS WHEN N, > 0 AND N; > 0

When N, > 0 the solutions obtained are uniquely defined on the Riemann surface shown in Fig. 1.
Since the x and y axes coincide with the axes of elastic symmetry of the medium, the wave processes
considered can be investigated sufficiently for values of 0 in the ranges

n

-1 -112
0<08<a ",

0<0<d (3.1)

of the upper edges o the cuts of the 8; and 8, planes (Fig. 1).
On the boundaries of the ranges (3.1) the components of the energy flux density vectors (2.4) of the
quasi-longitudinal waves (k = 1) and quasi-transverse waves (k = 2) take the values

$:(0) = 0, S,)(0) = -p(b-a)’b™"

wy @)’
Sa@?) = pla-ay’awi@NY, 5,18 = 0
$,2(0) = 0, 5,,(0) = —p(b-d)’d P [wh QDT (3.2)
Sa(d™®) = pla-dy’d P wy@H), Sd™™) = 0

(] -122 -1 -
Q) =r+6™%y, QF =1-a"x, Q) =t+d"y, QF =t-d"x

~-172

Consequently, the energy flux density vectors of the quasi-longitudinal waves (k = 1) and quasi-
transverse waves (k = 2) when 8 = 0 are directed along the negative y semi-axis, and when 6 = a2
and 0 = d"'* they are directed along the positive x semi-axis.

The functions A; and %, in the corresponding ranges (3.1) decrease continuously in the intervals [8]

p'%21,20, d"21,20 (3.3)
The function p, and r; (k = 1, 2) in the corresponding ranges (3.1) satisfy the conditions
p1<0, rl<0, p2>0, r2>0 (3_4)

At the boundaries of the regions (3.1) the function Q, and M, take the values
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0,(0) = -R,b™", Q@) = —~(a-d), M,(0) = ~(b-a)

M@ = -Ria™, 0,(0) = Nyd™', Q,(d"™) = (a-d) (3.5)

-172

My(0) = (b—d), Myd ™) = Nd', R =(a-d)d+c’, R,=(b-d)d+c

The derivatives of the functions Q, and M, have the form

O = BA(bd)", My = 20B,, D = [K,K,08°—2M0% +(b-a)"1" 6
A, = —K, K, + (-1)'L(K,K,8* -M)D™", B, = (-1)"(K,K,8*-M)D"' '

The function D, apart from a positive constant factor, is the inner radical in expression (1.4), which
is positive in the intervals (3.1).

On the boundaries of the intervals (3.1) the functions 4, and By, take the values

A((0) = -F,, A(@"?) = -a(b+d)R}'F,, A,(0) = -F

A d") = d(b+d)N,'F,, B,(0) = (b—d)'M (3.7)
Ba'?) = -R,'F,, B,(0) = <(b-d)"'M, B,(d'*) = N,F,,

where
F, = K,K,~aM, F, = K,K,—-dM, F; = K,K,~(b-d)"'LM

(3.8)

F, = K,K,-(b+d)'LM, F5=K,K,+(b-d)'LM

It can be shown that when N, > 0 the coefficients of M in expressions (3.8) satisfy the conditions
a>(b-dy'L>b+d)'L>d (3.9)
if
2 g2
Ry = (¢"~d") -ad>0 (3.10)

Where R; < 0 under conditions (3.9) we have (b —d)'L > a.
Expressions (3.8) reduce to the form

F, = bdNg— (¢’ -d*)N,, F, = [(ab-c*)+(a~d)d]IN,+d’N
Fy = 2d(b-d)"'[(c*~d*)N,~adN;), F, = 2bd[aN,+dN)(b+d)" (3.11)
Fs = 2b(b-d) "' {[(ab~-c*) + (b-d)dIN, +d°N,}

The derivatives of the functions A, and B, have the same values, apart from a constant factor
L >0,

Ay = LBy = (-1)'8bdc’LN,8D™ (3.12)
When N; > 0 and N, > 0, the quantity N; may have different signs.
Case 1. When N, > 0, the derivatives (3.12) satisfy the conditions

Aig<0, By;<0, Ay)qy>0, B,y>0 (3.13)

Taking conditions (1.2) into account, from the equation

(b-d)’K,K,-M* = 4bdc’N, (3.14)
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we conclude that K, > 0. When N, > 0, the quantities Ny and Ns may have the same (positive) signs
Or opposite signs.

Case 1(a). If Ny > 0 and N5 > 0, we have Ny > 0 and N; > 0, and according to expressions (3.11)
F; > 0wheni = 2,4 and 5, while F; and F; may take positive and negative values. It follows from (1.5)
that M > 0.

When M > 0, K; > 0, Ry > 0, according to the conditions (3.9), the following combinations of the
distribution of the values of F; are possible

Fi <0, Fs>F,>F;>F;>0
Fs>Fy,>F,>F,>F >0 (3.15)
Fi<F3;<0, Fs>F,>F,>0

When the first combination of conditions (3.15) is satisfied, by expressions (3.7) we have

-1/2

A(0)<0, A, (a ") <0, B,(0)>0, B,(a"*)>0

(3.16)

—1/2 ~-12

Ay(0)<0, Ayd 7)>0, By(0)<0, By(d )>0
It follows from relations (3.13) and (3.16) that in the intervals (3.1) the functions 4, and By satisfy

the conditions
A(0)<0, B(8)>0, A,(8)<0 (B< 6;“2), Ay(8)>0 (0> 9;"2)

317
B,(0)<0 (0<0F), B,(8)>0 (6>86}) (317
where 07, and 83 are the zeros of the functions A,(0) and B,(6).
It follows from relations (3.6) and (3.17) that the derivatives of the functions Q, and M, in the intervals
(3.1) satisfy the conditions

010<0, Mg>0, Q,5<0 (6<05), 06>0 (0>86})

3.18
M,y<0 (8<057), My>0 (0>6F) (3-18)
At the boundaries of the intervals (3.1), according to expressions (3.5), the functions Q; and M, have
negative values while O, and M, have positive values.
The functions Q, and M, have a minimum at the points 07, and 85 respectively. From the equations
A»(07,) = 0 and B,(6%) = 0 the extreme points can be represented by the expressions

0% = [M(K.K,)" +L7'D%1"”, of = MK,k 1" (3.19)

where D7, is the value of the function D, defined by expression (3.6) for 87,, when D7, > 0.
Since the function B, at the point 8 = a™'? is less than zero, by expressions (3.19) we have the following
distribution of the extreme points on the real 8 axis

a <o <0k <d (3.20)

The minimum values of the functions O, and M, satisfy the conditions
0,(8%) = 2adL™'D¥% >0, M,(6¥) = D% >0 (3.21)

It follows from relations (3.5) and (3.18)—(3.21) that the functions Q; and M, in the first interval (3.1)
have negative values, the function O decreases continuously, and the function M increases continuously.
In the first interval of (3.1), O, and M, are positive functions, which take minimum values at the points
81, and 03, satisfying condition (3.20).

Since at the boundaries of the intervals (3.1) the differences in the values (3.5) of the functions Oy
and Mk

_\/2)' _ ’M,(a_m), = a*1N6

) -0,

IM,(0)=|Q,(0)] = b"'N;, |Qy(a

3.22
0,(0) - My(0) = d”'N,, M,(d"? 322

) =d'N,
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are greater than zero, the graphs of the functions Q; and M, intersect and have the form shown in
Fig. 3(a). The points of intersection are defined by the conditions Q,(6;) = M,(8,) and have the
coordinates

Y

12 ~
I, 62=[(b-d+c)K]] (3.23)

81 = [(b-d-)K;'

The values of the functions Qy and M, at the points of intersection of the graphs are given by the
expressions

01(81) = M (81) = —c, 0,(82) = My(8,) = ¢ (3.24)

It was established in [10] that when N, > 0 and N5 > 0 the phase velocities of the quasi-longitudinal
waves take minimum values at the point 6,, and the quasi-transverse waves take maximum values at
the points 8,. Consequently, the points of intersection of the graphs of O, and M, correspond to waves
with extreme phase velocities.

If F; > 0, then according to relations (3.8) and (3.9) the second condition of (3.15) is satisfied.
Repeating the discussion carried out for the first combination of conditions (3.15), we obtain the
conditions for the derivatives of the functions O, and M;, which differ from conditions (3.18) solely in
the fact that the condition My, > 0 is changed into

Mig>0 (6,<8f), M,4<0 (8>6F) (3.25)
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The extreme points, defined by expressions (3.19), satisfy the condition
0¥ = 80X <a <0k <d? (3.26)

Hence, it also follows from expressions (3.5) and (3.22) that the graphs of the functions Qy and M,
have the form shown in Fig. 3(a) The graph of the function M, differs in the fact that at the point 87
I(t3 hzas)a maximum M;(67) = -D7 < 0; unlike distribution (3.20) the extreme points (3.19) satisfy condltlon

6

If F3 < 0, then by relations (3.8) and (3.9) the third condition of (3.15) is satisfied. The derivatives
of the functions Q) and M, satisfy conditions which differ from conditions (3.18) in the fact that the
first condition is replaced by

019>0 (8<8f}), Q<0 (8>6]) (3.27)

The extreme points (3.9) satisfy the condition

-12
9“ <a

<0f<0%<a” (3.28)

Hence it also follows from expressions (3.5) and (3.22) that the graphs of the functions Oy and
M, have the form shown in Fig. 3(a), and the graph of the function Q, differs by having a maximum
Q,(6%) = -2adL™'D%, < 0 at the point 6%;.

Where R; < 0, conditions (3.9) and (3.15) are only slightly changed in condition (3.9) we have
(b -d)'L > a and in conditions (3.15) F; < F,. It can be shown that in these cases the graphs of the
functions @, and M, have a form similar to the graphs in Fig. 3(a).

Hence, when N, > 0 and N5 > 0 the functions Q, and M,, defined in the intervals (3.1), satisfy the
following conditions:

in the interval (0, aV 2)

M, <Q,<0 (8<8)), Q,<M,<0 (8>86)) (3.29)

in the interval (0, d"?)
Q,>M,>0 (0<8,), M,>0,>0 (8>8,) (3.30)

In the intervals (3.1) the angles o, and o, which determine the directions of the phase velocity vectors
of the quasi-longitudinal (k = 1) and quasi-transverse (k = 2) waves (1.3), increase monotonically,
according to relations (2.9) and (3.3).

When the waves (1.3) travel in the directions of the axes of elastic symmetry y and x of the medium,
the directions of the phase and ray velocity vectors and of the displacements of the particles of the
medium, according to relations (2.9) and (2.10), are determined by the following angles:

when 8 =0

o =P,=¢, =0 (k=12), v,=0, v, =mn/2 (3.31)
when 0 = g and 6 = 4?
(Zk = Bk = 7t/2, (pk = 0, 'Yl = 1I:/2, 'Yz = 0 (3.32)

It follows from relations (3.31) and (3.32) that in this case the directions of the phase and ray velocity
vectors of the quasi-longitudinal and quasi-transverse waves and of the displacement vectors of the
particles of the medium of the quasi-longitudinal waves coincide with the directions of the normals to
the wave fronts. The directions of the displacement vectors of the quasi-transverse waves coincide with
the wave fronts. Consequently, in the directions of the axes of elastic symmetry the quasi-longitudinal
and quasi-transverse waves become purely longitudinal and purely transverse waves.

For the waves (1.3) with extreme phase velocities (Fig. 3a) for values of 6 = 6,, defined by formulae
(3.23) and of the corresponding points of intersection of the graphs of the functions Q; and M;
(Fig. 3a), the directions of the phase and ray velocity vectors and of the displacements of the particles
of the medium are determined by the following angles
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a - 12 ~ ~
=B =7, = arctg(NsN;) . & =9, =0
- ~ 1.1 ~ ~
a, = B2 arctg(N,,Ngl)l , Y, =Tw2+0, (3.33)
Ng=a-d+c, Ny=b-d+c

It follows from relations (3.33) that the quasi-longitudinal and quasi-transverse waves in the directions
0, and 0, which are not the directions of the axes of elastic symmetry of the medium, as also in the
directions of the axes of symmetry, change into purely longitudinal and purely transverse waves, since the
phase and ray velocity vectors of the quasi-longitudinal and quasi-transverse waves and the displacement
vector of the particles of the medium of the quasi-longitudinal wave coincide with the normals to the wave
fronts, while the displacement vector of the quasi-transverse wave coincides with the wave front.

From formulae (2.9) and (2.10) and conditions (3.29) and (3.30) we have the following conditions
for the directions of the phase and ray velocity vectors:

on the segments (0, §,) and (0, 6,)

0<B,<a, <, ©,<0, 0<0a,<B,<0q,; @,>0 (3.34)
on the segments (8, a"?) and (6,, d™%)
G, <o, <P, <n/2, ¢,>0, a,<P,<a,<n/2, ¢,<0 (3.35)

The phase velocity of the quasi-longitudinal wave in the direction a; = 0, has the minimum value,
and the phase velocity of the quasi-transverse wave in the direction o, = @, has the maximum value.
It follows from conditions (3.34) and (3.35) that the ray velocity vectors (the energy fluxes) deviate from
the directions of the normals to the wave fronts in the direction of increasing phase velocities. This
property of the energy fluxes explains the reason for the formation of acute-angled edges in the directions
0, = o, on the fronts of the quasi-transverse waves from point sources in media for which N, > 0 and
N5 > 0 when the corresponding condition (see [7], condition (2.8), is satisfied, since from the physical
point of view the energy flux density vectors determine the directions of propagation of the wave fronts.
For example, if at the initial instant of time a quasi-transverse wave with an oval wave front is excited,
on parts of the wave front adjacent to the direction o, = a, with maximum phase velocity, the energy
flux density vectors deviate from the normals to the wave front in the direction o, = a,, forming acute-
angled edges [7, Fig. 2].

Case 1(b). If Ny > 0 and N5 < 0 when Ny > 0, then
a>b, N¢g>0, N;<0, K,>0 (3.36)

The value of M, according to formulae (1.5), can have different signs.

When K; > 0 and M < 0, according to expressions (3.8) F; > 0 (i = 1, ..., 4) and F5 can have different
signs.

If F5 < 0, by repeating the discussions carried out for the first combination of conditions (3.15), we
obtain

Taking into account the fact that Ny > 0 and N; < 0, we conclude from relations (3.5), (3.22) and
(3.37) that the graphs of the function Q) and M, have the form shown in Fig. 3(b). The functions Q,
and M, are negative continuously decreasing functions which satisfy the condition Q; < M,. The functions
Q, and M, are positive continuously increasing f functnons which satisfy the conditions O, > M, on the
segment (0, 8,) and M2 > Q, on the segment (8,, d).

When Fs > (0 we arrive at conditions which differ from (3.37) by having the third condition replaced by

0,0<0 (8<0%), 0ye>0 (8>6%) (3.38)

Hence it follows that the graphs of O, and M, differ only slightly from the graphs in Fig. 3(b). Only
the gr th of the function Q,, which has a positive minimum at the point 6, on the segment
(8,,d ) has a considerable difference; the conditions for the functions Q> and M, on the segment
(0, d‘l/ ) do not change.
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When M > 0 and K, > 0, according to expressions (3.8), Fs > 0; it follows from relations (3.14) and
(3.36) that F; > 0 (i = 2, 3, 4), and F, can have different signs. According to expressions (3.9) when
F < 0 the values of F; satisfy the first condition of (3.15). In this case the derivatives of the functions
Oy and M, satisfy conditions (3.18).

Taking inequalities (3.36) into account, we can conclude from relations (3.5), (3.18) and (3.22) that
the graphs of the functions O, and M, have the form shown in Fig. 3(a), and the functions Q, and M,
satisfy conditions (3.30) in the segment (0, d/%). The graphs of the functions Q, and M, have a form
similar to the graphs shown in Fig. 3(b), and on the segment (0, a™"/%) the following condition is satisfied

0,<M;<0 (3.39)

It can be shown that we have a similar picture when F; > 0.

Hence, when Nl > 0, Ny > 0 and N5 < 0, the functions Q, and M, ﬁsatlsfy condition (3.39) on the
segment (0, a”''%), and satisfy conditions (3. 30) on the segment (0, d""3).

In this case [10] the phase velocities of the quasi- longltudmal waves inside the segment (0, a” ) have
no extremal values, while the phase velocities of the quasi-transverse waves inside the segment (0, d?
have a maximum when 6 = 8. The phase velocity of the quasi-longitudinal wave has a minimum when
6 = 0 in the direction o = 0, and a maximum when 6 = g~ in the direction o, = /2 (Fig. 3b).

According to relations (2.9), (2.10), (3.39) and (3.30) the directions of the phase and ray velocity vectors
satisfy the conditions

in the segment (0, a'%)

-1/2

O<o; <P, <n/2, ¢, >0 (3.40)
in the segments (0, 8,) and (8,, 4%
0<a,<P, <0y, §,>0, a<P,<o,<m2, @,<0 (3.41)

Hence it follows that the ray velocity vectors are deflected from the normal to the wave fronts towards
increasing phase velocities.

Case 1c. If Ny < 0 and N5 > 0 when N| > 0, we have
b>a, N¢g<0, N,>0, K,>0, M>0 (3.42)

In this case when N, >| N/, it follows from relations (3.11) that F; > 0 (i = 2, 4, 5), F, < 0, and F;
can have different signs; for values of F; the first and third set of conditions (3.15) can be satisfied.

When the first set of conditions (3.15) is satisfied, the derivatives of the functions O, and M satisty
conditions (3.18). Taking inequalities (3.42) into account, we can conclude from relations (3.5), (3.18)
and (3.22) that the functions Q, and M, have the form shown in Fig. 3(c).

When the third set of conditions of (3.15) is satisfied, the derivatives of the functions @y and M satisfy
conditions (3.27). Taking inequalities (3.42) into account, it follows from relations (3.5), (3.27) and (3.22)
that the graphs of functions O and M have the form shown in Fig. 3(c). The graph of the function O
has the non-fundamental difference of a maximum of negative sign at the point 87, on the segment
(0,a™'?).

Consequently, when Ny, < 0 and N5 > 0 when N; > 0 the functions Q, and M, on the segment
0,a” 12y satisfy the conditions

M,<Q, <0 (3.43)

and on the segment (0, d™"%) satisfy the conditions (3.30)

In this case [10] the phase velocities of the quasi-longitudinal waves inside the segment (0, a"°) have
no extremal values; the maximum value is reached when 6, = 0 in the direction a; = 0, and the minimum
value is reached when 6 = a7 in the direction o, = n/2 (Fig. 3c). The phase velocities of the quasi-
transverse waves, as in the previous cases, have maximum values when 6 = 6; in the direction o, = o,
and minimum values when = 0 and 8 = 4" in the directions o = 0 and o, = /2.

It follows from relations (2.9), (2.10), (3.42) and (3.30) that the directions of the phase and ray velocity
vectors of the quasi-longitudinal waves, unlike the previous cases, satisfy the conditions

-1/2

0<B, <o <m/2, ¢,<0 (3.44)
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The directions of the phase and ray velocity vectors of the quasi-transverse waves, as in the previous
cases, satisfy conditions (3.41).

Case 2. When N, < 0, the derivatives in relations (3.12) satisfy conditions (3.13) with opposite signs
of the inequalities.
When N, < 0 three combinations of values of N, and N5 are possible.

Case 2(a). If N, < 0 and N5 < 0, the following conditions are satisfied

N, <0, Ng<0, N;<0, K,<0, M<O0 (3.45)

From relations (3.8), (3.11) and inequalities (3.45) we have: F; < 0 (i = 2, 4, 5), and F; and F; can
have different signs. When K, < 0 and M < 0, according to relations (3.8) and (3.9), the following
combinations of the distribution of the values of F; are possible

Fi>0, Fs<F,<F,<F;<0
F\>F;>0, F3<F,<F,<0 (3.46)
Fs<F,<F,<F;<F,<0

Repeating the discussions employed when analysing Case 1a, when the first set of conditions (3.46)
is satisfied we obtain the following conditions for the derivatives of the functions O, and M,

0,6>0, M;4<0, 0,0>0 (8<8,), 0,<0 (3.47)
(80>0%,), My,,>0 (8<0¥), M,,<0 (8>865)

It follows from relations (3.5) and (3.22) and inequalities (3.47) that when the first set of conditions
(3.46) is satisfied the graphs of the functions Oy and M, have the form shown in Fig. 4(a). It can be
shown that the form of the graphs of the functions O, and M,, when the second and third set of conditions
of (3.46) are satisfied, is similar, with the exception of the minimum at the points 87 and 87; respectively
of the graphs of the function Q, in the case of the second set of conditions and of the function M, in
the case of the third set of conditions (3.46).

Hence, when N, < 0 and Ns < 0, in the intervals (3.1), the functions Q, and M, satisfy the conditions:

on the segment (0, a”%)

Q,<M <0 (8<8)), M, <Q,<0 (8>86)) (3.48)

on the segment (0, d'/%)

M,>Q,>0 (8<8;), Q,>M,>0 (8>80,) (3.49)

It was established in [9] that when the conditions N, < 0 and N5 < 0 are satisfied inside the intervals
(3.1), the phase velocities of the quasi-longitudinal waves have a maximum when 6 = 8,, and the quasi-
transverse waves have a minimum when 8 = 6,, given by formulae (3.23). The points of intersection
of the graphs of the functions Q, and M, (Fig. 4a) correspond to the extreme points.

According to relations (3.31)—(3.33), the quasi-longitudinal and quasi-transverse waves in the directions
of the axes of elastic symmetry y and x of the medium and in the directions o, = oy with extreme phase
velocities, become purely longitudinal and purely transverse waves when 6 = 6.

According to formulae (2.9) and (2.10) and conditions (3.48) and (3.49), we have the following
conditions for the directions of the phase and beam velocity vectors

on the segment (0, a™*?)

0<(11<Bp <&1v ¢, >0 (9<él), &1<B,<a,<1t/2, 9; <0 (9>él) (3.50)
on the segment (0, d"/)

0<B, <0, <0y, (p2<0(9<52), 0 <0,<PB,<n/2, @,>0 (0>6,) (3.51)
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In follows from conditions (3.50) and (3.51) that here, as in the previous case, the property of the
ray velocity vectors (the energy fluxes) of deviating from the directions of the normals to the wave fronts
towards an increase in the phase velocities is preserved.

Case 2(b). If Ny > 0 and N5 < 0 when N; < 0, then
a>b, Ng>0, N,<0, M<0 (3.52)

and K, may have different signs.

In this case, the graphs of the functions Q; and M, when K, > 0 have the form shown in Fig. 4(b),
while when K, < 0 they have a similar form, the graphs of the functions O, and M,, which have maxima
at the points 63 and 67,, have only unimportant differences.

Consequently, when N, > 0 and N5 < 0, the functions O, and M, inside the intervals (3.1) satisfy
the following conditions:

on the segment (0, a™?)

Q,<M,<0 (3.53)

on the segment (0, d?) they satisfy conditions (3.49).
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1t was established in [10] that, when the conditions Ny < 0, N4 > 0 and N5 < 0 are satisfied, the phase
velocities of the quasi- longltudmal waves on the segment (0,a™"?) increase contmuously, and the phase
velocities of the quasi-transverse waves have a minimum on the segment (0, d'?y at the point 6,
Fig. 4b
( xgccor)ding to formulae (2.9) and (2.10) and conditions (3.53) and (3.49), the directions of the phase
and ray velocity vectors satisty the conditions
on the segment (0, a™'%)

O<oa;<B,<n/2, ;>0 {3.54)

on the segment (0, d"*?) they satisfy conditions (3.51).

Case 2(c). When N, < 0, N5 > 0 and N, < 0, the following conditions are satisfied

b>a, Ng<0, N,>0, K,<0 (3.55)

The quantity M can have different signs.

When M > 0 the graphs of the functions Q; and M, have the form shown in Fig. 4(c), and when
M < 0 their form changes only slightly: the graph of the function M, has a minimum at the point 67.

Consequently, when N, < 0, N5 > 0 and N; < 0, the functions O, and M, on sections (3.1) satisfy
the following conditions:

on the segment (0, a™"%)

M <Q,<0 (3.56)

on the segment (0, d?) they satisfy conditions (3.49).

In this case, according to [10], the phase velocities of the quasi-longitudinal waves on the segment
(0,77 2) decrease contmuously, while the phase velocities of the quasi-transverse waves on the segment
(0, 2") have a minimum at the point 8, (Fig. 4c).

1t follows from formulae (2.9) and (2.10) and conditions (3.56) and (3.49) that the directions of the
phase and ray velocity vectors satisfy the following conditions:

on the segment (0, a™?)

0<P,<a,<w/2, ¢,<0 (3.57)

on the segment (0, d"'?) they satisfy conditions (3.51).
Hence, the results of an analysis show that when the conditions N, > 0 and N; > 0 are satisfied in
all the cases considered above, the functions Q, and M, inside the intervals (3.1) satisfy the inequalities

0,<0, M <0, 0,50, M,>0 (3.58)
It follows from relations (2.4), (3.4) and (3.58) that
$:4>0, §,,<0, §,>0, §,<0 (3.59)

Consequently, when N; > 0 and N3 > 0 the projections of the energy flux density vectors (2.4) of
the quasi-longitudinal waves (k = 1) and quasi-transverse waves (k = 2) (1.3), determined in sections
(3.1), have the following directions: S,; and S, are directed along the x axis, and S,; and S,, are directed
along the negative y semi-axis.

4. ANALYSIS OF THE SOLUTIONS WHEN N, > 0 AND N3 < 0

When N, > 0 the solutions are determined on the Riemann surface shown in Fig. 1. When N, > 0 and
N; < 0 the following conditions are satisfied

a>b, N;<0, N;<0, K,<0, M<O0 (4.1)
The quantity Ng can have different signs.
The Case Ng < 0. When a > b we have

[N <|N| <

(c* -d*)>ad>bd (4.2)
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We conclude from relations (3.11), (4.1) and (4.2) that F; > 0, F; < 0 (i = 2, 4, 5), and F; can have
different signs. According to relations (3.8) and (3.9) when F; < 0 the values of F; satisfy the first set
of conditions (3.46) and when F; > 0 the values of F; satisfy the second set of conditions (3.46). When
the first set of conditions (3.46) is satisfied, the derivatives of the functions Q, and M, satisfy conditions
(3.47).

Taking into account the fact that Ny < 0, N; < 0 and N3 < 0, we conclude from relations (3.5), (3.22)
and (3.47) that the graphs of the functions (; and M, have the form shown in Fig. 5. It can be shown
that when the second set of conditions (3.46) is satisfied the graphs of the functions Q; and M; have a
similar form, and only the graph of the function Q, which has a minimum at the point 87, is different.

Consequently, the functions O, and M, on sections (3.1) satisfy the following conditions

on the segment (0, a~V?) - conditions (3.48),

on the segment (0, d” 12

0,<0, M,>0 (0<6,), My>0,>0 (6,<8<86,), Q,>M,>0 (6>86;) (4.3)

It follows from relations (2.9), (2.10) and (2.3) and (4.3) that the directions of the phase and ray velocity
vectors of the quasi-longitudinal waves satisfy conditions (3.50), and the quasi-transverse waves satisfy
the following conditions

on the segment (0, 6)

a,>0, B,<0, @, = (o, +]|B,y))<0 (4.4)

on the segment (8, d""'%) they satisfy conditions (3.51).

At the boundaries of the segment (0, 6,), by formulae (2.9) and (2.10) when k = 2, the angles which
determine the directions of the phase and ray velocity vectors of the quasi-transverse waves have the
following values: oy = B, = ¢, = O when 8 = 0 and o, > 0, B = 0 and ¢, = —0,, when 6 = 8,

Consequently, when 6 = 0 and 6 = 6, the ray velocity vectors of the quasi-transverse waves are directed
along the negative y semi-axis.

It follows from conditions (4.4) that the quasi-transverse waves, defined on the segment (0, 8y), unlike
the previous cases, propagate for positive angles o, of the phase velocity vectors with negative values
of the angles 6, of the ray velocity vectors. This feature has a direct connection with the existence on
the wave fronts of the quasi-transverse waves of point sources of acute-angle edges, which propagate
in the direction of the y axis when the conditions N3 < 0 are satisfied for the constants of elasticity
[7, 8], and is the reason for the formation of acute-angle edges.

The case Ng > 0. Repeating the discussion carried out when analysing Case 2b, and taking into account
the inequality N5 < 0, it can be shown that the graphs of the functions (; and M; have the form shown
in Fig. 4(b), while the graphs of the functions Q, and M, have the form shown in Fig. 5. Consequently,
in the intervals (3.1) the functions ; and M, satisfy conditions (3.53), while the functions Q, and M,
satisfy conditions (4.3). The directions of the phase and ray velocity vectors of the quasi-longitudinal
waves satisfy conditions (3.54), while the quasi-transverse waves on the segment (0, 8;) satisfy conditions
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(4.4), on the segment (8, 6,) they satisfy the first set of conditions (3.51), and on the segment (6,,d~ 112y
they satisfy the second set of conditions (3.51).

It follows from relations (2.4), (3.4), (3.48), (3.53) and (4.3) that when N, > 0 and N; < 0 in the
intervals (3.1), the projections of the energy flux density vectors onto the coordinate axes satisfy the
conditions

S1>0, S,,<0, §,,<0 (8<8), S,,>0 (6>8), §,,<0 (4.5)

Hence it follows that, unlike conditions (3.59), when N, > 0 and N; > 0, the projections S, of he
energy flux density vectors of the quasi-transverse waves, defined on the segment (0, 8;), are directed
along the negative x semi-axes. When 6 = 0 and 6 = 6, the projections §,; = 0 of the energy flux density
vector are directed along the negative y semi-axis.

5. ANALYSIS OF THE SOLUTIONS WHEN N; < 0 AND N; < 0

When N, < 0 the solutions are defined on the Riemann surface, shown in Fig. 2. The waves (1.3),
propagating in the directions 0 < oy, =< n/2, are defined on the following parts of the Riemann surface
[6]: the quasi-longitudinal waves (k = 1) on the segment (0, a~ %) of the upper edge of the cut (~a™"?,
+a"?) of the 6, plane, and the quasi-transverse waves when (k = 2) on the segment (0, 8%) of the upper
edge of the cut (-8, +69) of the 8, plane, and when (k = 1) on the lower edge of the cut (+d"'% +69)
of the 9, plane.

Since the conditions N4 < 0 and N5 < 0 are satisfied when N, < 0 and N; < 0, according to the results
obtained earlier in [10, 11] the graphs of the phase velocities have the form shown in Fig. 6. On the
graph of the phase velocities of the quasi-transverse waves the points indicate value of the velocities
corresponding to the boundaries of the segments (¢, 69) in the 8, and 6, planes of the Riemann surface
(Fig. 2): 1 — the point ® = d'? in the 8, plane, 2 — the branch point 89, and 3 - the point © = &2 in
the 6, plane.

According to relations (1.5) and (3.45) the positive real branch point of the inner radical of functions
(1.4) corresponds to the value

{2

/
} (5.1)

9? = {[M- (—4bdczN1)”2](K1K2)~1

On the upper edge of the cut (-8, +69) of the 8, plane (Fig. 2) the function 4, and B, are given by
expressions (3.6) when k = 2. When going round the branch point 6 in a clockwise direction from the
lower edge of the cut (-6}, +89) of the 8, plane on the upper edge of the cut (+d™"?, +69) of the 6,
plane, the functions 4, and B, take values of A, and By, given by expressions (3.6) with k£ = 1. Similarly,
the functions @, and M,, defined by expressions (2.5) when k& = 2, on changing from the lower edge
(69, +89) of the 6, plane to the upper edge of the cut (42, +9ﬁi) of the 6, plane, take (J; and M,,
defined by expressions (2.5) with k = 1.
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Repeating the discussions used when analysing Case 1, and taking into account the fact that when
N, < 0 and N; < 0, conditions (3.45) are satisfied, it can be shown that the graphs of the functions O,
and M, have the form shown in Fig. 6.

Consequently, the functions (Q" and M, on the segments (0, a™"%) and (0, 8%) of the upper edges of
the cuts (-2, +a7"?) and (-9, +69) of the 6, and 6, planes and on the lower edge of the cut (+d',
+69) of the 8, plane satisfy the following conditions:

on the segment (0, a™'%) - conditions (3.48),

on the segment (0, 8Y) — conditions (4.3), and

on the segment (47, 89)

0,>0, M <0 (5.2)

At the point 6, we have (J, = M,, and at the branch point 8% we have O, = Qiand M, =M, = 0.

According to formulae (2.9) and (2.10) and relations (3.48), (4.3) and (5.2) the directions of the Phase
and ray velocity vectors of the quasi-longitudinal waves (k = 1), defined on the segment (0, a™?) of
the 0, plane, and of the quasi-transverse waves, defined with k = 2 on the segment (0, 89) of the 6,
plane, and with k = 1 on the segment (4", 89) of the 8; plane, satisfy the following conditions

on the segment (0, a~?) — conditions (3.50),

on the segment (0, 6;) — conditions (4.4),

on the segment (8, 6%) ~ conditions (3.51), and

on the segment (¢, 69)
B,>m/2, mn/2>0> al(e?) = az((-)?), ¢, >0 (5.3)

According to relations (4.4) the quasi-transverse waves (k = 2), defined on the segment (0, 8p),
propagate with positive angles a, of the phase velocity vectors for negative values of the angles B, of
the ray velocity vectors, where the angles B3, = 0 at the boundaries of the segment (0, 6y), i.. the directions
of the ray velocity vectors coincide with the direction of the negative y semi-axis. This explains the reason
for the formation on the wave fronts of the quasi-transverse waves of point sources of acute-angled
edges, which propagate in the direction of the axis of symmetry y when N3 < 0 [7, 8].

It follows from relations (5.3) that the directions of the phase and ray velocity vectors of the quasi-
transverse waves (1.3), defined with k = 1 on the segment (d~ U2 g% of the 0, plane of the Riemann
surface, satisfy the conditions o; < 7/2 and B, > m/2. On the boundaries of the segment (d~ 12 69) the
angles B, have the same values of /2, and consequently, at these points the directions of the ray velocity
vectors of the quasi-transverse waves coincide with the direction of the positive x semi-axis. This explains
the reason for the formation on the wave fronts of the quasi-transverse waves of point sources of acute-
angled edges, propagating in the direction of the x axis of symmetry when N, < 0[7, 8].

When N, < 0 and N; < 0, as in the previous cases, in the directions of the axes of elastic symmetry
of the medium and in the directions o and o, with extreme phase velocities the quasi-longitudinal and
quasi-transverse waves become purely longitudinal and purely transverse waves.

Since the conditions p, > 0 and p; > 0 are satisfied on the segments (0, 87) of the 8, plane and (4%,69)
of the 0; plane respectively, then by relations (2.4), (4.3) and (5.2) the projections of the energy flux
density vectors of the quasi-transverse waves (1.3) with & = 2 and £ = 1 onto the coordinate axes satisfy
the following conditions:

on the segment (0, 89)

5,2<0, S,<0 (8<8y), S§,>0, S,<0 (6>8) (5.4)

on the segment (4", 8%)
$4>0, §,,>0 (5.5)

Consequently, when N, < 0 and N3 < 0, as in the previous case (N, > 0, N3 < 0), the directions of
the projections S, and S, of the energy flux density vectors of the quasi-transverse waves (k = 2), defined
on the segment (0, 8,) of the 8, plane, coincide with the directions of the negative x and y semi-axes.
The directions of the projections Sx1 and Sy of the energy flux density vectors of the quasi-transverse
waves (k = 1), defined on the segment (d” 12769 of the 8; plane, unlike all the cases previously considered,
coincide with the directions of the positive x and y semi-axes.
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6. ANALYSIS OF THE SOLUTIONS WHEN N; < 0 AND N; > 0

In this case, unlike the preceding case, the following conditions are satisfied
b>a, N;<0, Ng<0, M<0, K,<0 (6.1)

The quantity N; can have different signs.

If N; > 0, then when N, < 0 and N3 > 0, according to conditions (6.1), the conditions N; < 0,
N4 < 0 and N5 > 0 are satisfied. In this case the graphs of the phase velocities and of the functions Q,
and M, have the form shown in Fig. 7.

By formulae (2.9) and (2.10) and the graphs of the functions Q and M, the directions of the phase
and ray velocity vectors of the quasi-longitudinal and quasi-transverse waves satisfy conditions (3.57)
on the segment (0, a~ 3 satisfy conditions (3.51) on the segment (0, 6%), and satisfy conditions (5.3)
on the segment (d-172, 67)

When N; < 0 the COIldlthIlS N4 < 0and N5 < 0 are satisfied. In this case the graphs of the functions
Q, and M, and of the phase velocities of the quasi-longitudinal waves, defined on the segment (0, a” 2y
have the form shown in Fig. 6. The graphs of the functions 20,2 and M,, defined on the segment (0, 9‘})
and of the function Q; and M, defined on the segment (d~“, 69), and the phase velocities of the quasi-
transverse waves have the form shown in Fig. 7.

Consequently, when N; < 0, the directions of the phase velocity and ray velocity vectors of the quasi-
longitudinal waves, defined on the segment (0, a™'/%), and of the quas1-transverse waves, defined on the
segments (0, 89) and gd' 12, 8%), satisfy conditions (3.50) on the segment gO a”2), satisfy conditions (3.51)
on the segment (0, 07), and satisfy condition (5.3) on the segment (7, 89).

When N, < 0 and N; > 0, the projections of the energy flux densxty vectors of the quasi-longitudinal
waves onto the coordinate axes satisfy conditions (4 8); for the quasi-transverse waves they satisfy the
conditions S,, > 0 and 0y2 < 0 on the segment (0, 89) of the 8, plane, and they satisfy conditions (5.5)
on the segment (d"', 69) of the 6, plane.

Hence, we have obtained a complete solution of the problem of investigating the behaviour of the
propagation of the energy of elastic waves as a function of the directions of motion of the waves and
the ratios of the constants of elasticity of the media for all practical anisotropic media of the class
considered.
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